In this paper, we extend the basic model of the restricted four-body problem introducing two bigger dominant primaries m 1 and m 2 as oblate spheroids when masses of the two primary bodies (m 2 and m 3 ) are equal. The aim of this study is to investigate the use of zero velocity surfaces and the Poincaré surfaces of section to determine the possible allowed boundary regions and the stability orbit of the equilibrium points. According to different values of Jacobi constant C, we can determine boundary region where the particle can move in possible permitted zones. The stability regions of the equilibrium points expanded due to presence of oblateness coefficient and various values of C, whereas for certain range of t (100 ≤ t ≤ 200), orbits form a shape of cote's spiral. For different values of oblateness parameters A 1 (0 < A 1 < 1) and A 2 (0 < A 2 < 1), we obtain two collinear and six non-collinear equilibrium points. The non-collinear equilibrium points are stable when the mass parameter µ lies in the interval (0.0190637, 0.647603). However, basins of attraction are constructed with the help of Newton Raphson method to demonstrate the convergence as well as divergence region of the equilibrium points. The nature of basins of attraction of the equilibrium points are less effected in presence and absence of oblateness coefficients A 1 and A 2 respectively in the proposed model.
Introduction
To study the motion of celestial bodies, restricted four-body problem is one of the important problem in the dynamical system. An application of the restricted four-body problem is illustrated in the general behavior of the synchronous orbit in presence of the Moon as well as the Sun whereas coupled restricted three-body problem is one of the example of restricted four-body problem. The problem is restricted in the sense that one of the masses is taken to be small, that the gravitational effect on the other masses by the fourth mass is negligible. The smaller body is known as infinitesimal mass (body) and remaining three finite massive bodies called primaries.
The classical restricted four-body problem may be generalized to include different types of effect such as oblateness coefficient, radiation pressure force, Pyonting-Robertson drag etc. Various authors have studied the restricted four-body problem and examined the existence of equilibrium points such as Hadjidemetriou (1980) , Michalodimitrakis (1981) , Kalvouridis et al (2007) and Papadakis (2007) . Further, Baltagiannis and Papadakis (2011b) discussed the equilibrium points and their stability in the restricted four-body problem.
On the other hand, in recent years many perturbing forces, such as oblateness, radiation forces of the primaries, Coriolis and centrifugal force, variation of the masses of the primaries etc. have been included in the study of restricted three-body problem (RTBP). The RTBP with oblate effect has been studied by many investigators such as Sharma and Rao (1975) , Abouelmagd and El-Shaboury (2012) , Khanna and Bhatnagar (1999) , Douskos (2011) etc.
Determination of the stability regions of the infinitesimal body was introduced by Poincaré (1892) during the study of periodic orbit of the system. This is very good technique to study the nature of trajectory of an infinitesimal body and also known as surface of section method. Apart from that this method was used by Winter (2000) and Kumari and Kushvah (2013) to describe the location and stability of the equilibrium points in the restricted three and four-body problem respectively.
Here, we extend the basic model of restricted four-body problem by considering the dominant primary m 1 and m 2 as oblateness body respectively. Our goal in this paper is to study the effect of oblateness coefficient on the motion of an infinitesimal body in the force field of massive bodies. We also determine and present basins of attraction for the equilibrium points (attractors) of the problem created by Newton Raphson method for their numerical computation at sample values of the oblateness coefficient parameter. The set of initial approximation (x, y) which leads to a particular equilibrium point, constitutes a convergence (or attracting) or divergence region. Douskos (2010) and Croustalloudi and Kalvouridis (2007) presented a similar study of the basins of attraction in the xy-plane for the equilibrium points of Hill's problem with radiation and oblateness in restricted three body problem and of a ring problem of n + 1 bodies.
The Poincaré surface of section of the proposed model is obtained with the help of the Event Locator Method. We have used Mathematica This paper is organized as: we write the equations of motion and find the Jacobi integral of the system in section (2). In section (3), we describe the zero velocity surfaces whereas in section (4) we determine equilibrium points. The stability of the equilibrium points is examined in section (5) and (6) whereas in section (7) we present interesting basins of attraction created by Newton Raphson method applied for the solution of the equations whose roots provide the locations of the equilibrium points. Finally, section (8) includes the discussion and conclusion of the paper.
Equations of motion
In this problem, we suppose that the motion of an infinitesimal mass (m) is governed by the gravitational force of the oblate spheroid m 1 , m 2 and third body m 3 with m 1 > m 2 ≥ m 3 (1). The oblateness factor of the primaries (m 1 , m 2 ) are also taking into account. It is assumed that the influence of infinitesimal mass on the motion of primaries moving under their mutual gravitational attraction is negligible. We normalize the units with the supposition such that the sum of the masses and separation between the primaries both be unity and unit of time is taken as the time period of rotating frame moving with the mean motion (n). Hence, we have G(m 1 + m 2 + m 3 ) = 1. Let the co-ordinates of infinitesimal mass be (x, y) and masses m 1 , m 2 and m 3 are (
2 ) respectively, relative to rotating frame Oxyz, where µ = m2 m1+m2+m3 = m3 m1+m2+m3 is the mass parameter and we assume that µ = 0.2. The perturbed
5R 2 , i = 1, 2 is oblateness coefficient of oblate bodies m 1 and m 2 respectively with R ei and R pi as equatorial and polar radii and R is separation between the primaries.
The equations of motion of the infinitesimal mass in the rotating co-ordinate system is given asẍ
where
with
The suffixes x and y indicate the partial derivatives of Ω with respect to x and y respectively. The well known energy integral of the problem given as:
where C is known as Jacobi constant. We observe (from 4) that 2Ω − C ≥ 0. The curves of zero velocity are defined through the expression 2Ω = C; such a relation defines a boundary, called Hill's surface, which separates regions where motion is allowed or forbidden. In Fig.2 , four frames represent the orbit of the infinitesimal body. First two frames show the orbit in absence of oblateness effect whereas last two frames show orbit in presence of oblateness effect. The orbit of the infinitesimal body represents in first frame when 0 ≤ t ≤ 200 whereas second frame when 100 ≤ t ≤ 200. In the second frame, we observed that in absence of oblateness effect, orbit looks like cote's spiral. However, with effect of oblateness, orbit becomes regular when 0 ≤ t ≤ 200 which is shown in third frame while fourth frame shows the orbit when 0 ≤ t ≤ 50.
Zero velocity surfaces
Eq.(4) represents a relation between square of velocity and the coordinates of the infinitesimal body in the rotating coordinate system. The Jacobi constant C is determined numerically using initial conditions. Therefore equation (4) determines the boundaries of the regions where the body can move from one allowed region to another one. In particular, if we take velocity of the infinitesimal body equal to zero then surfaces obtained in xy-plane known as zero relative velocity surfaces which are given as follows:
The above solution gives much information about the possible dynamics at a given Jacobi constant C. In particular, if A 1 = A 2 = 0 in equation (6) we obtain the classical zero velocity surfaces of the system, to study the behavior of the zero velocity surfaces in the vicinity of the singular point and in the vicinity of the main bodies for increasing and decreasing values of Jacobi constant. In Fig. 3 , frame (a) shows zero velocity curves (ZVC) for different values of Jacobi constant C whereas frame (b) indicates ZVC for various values of oblateness coefficients A 1 and A 2 . For example, in frame (a) curves are labeled as C i , i = 1, 2, 3, 4 for different values of Jacobi constant C 1 = 3.5, C 2 = 2.5, C 3 = 1.7 and C 4 = 1.0 respectively whereas for in frame (b) A 11 (A 1 = 0.0, A 2 = 0.0), A 12 (A 1 = 0.0025, A 2 = 0.0025), and A 13 (A 1 = 0.005, A 2 = 0.005) respectively. It is clear from frame (a), when C is very large then the three primary bodies are separated with each other where the particle cannot move from one region to another. Again, when the values of C are small, connections open at two points where motion is possible and the body can never escape from the system. Further, we take C even smaller then all the possible connections are opened i.e. inner and outer regions are opened and the particle can freely move from one allowed regions to another allowed region. On the other hand in frame (b), for increasing values of oblateness coefficients A 1 and A 2 respectively, their corresponding possible boundary regions increase where the particle can freely move from one side to another side. Therefore, we say that possible boundary region depends on the Jacobi constant as well as oblateness coefficients and observed that how does the connection open for decreasing values of Jacobi constant and increasing values of oblateness coefficients A 1 and A 2 respectively with other fixed values of the parameters.
Equilibrium points
The coordinates of equilibrium points of the problem are obtained by equating R.H.S. of (1) and (2) to zero i.e. Ω x = Ω y = 0. In other words
and
Solving above equations for µ = 0.2 and different values of oblateness coefficient A 1 and A 2 , we obtain two collinear L 1,2 points on the x-axis and six non-collinear equilibrium points L i , i = 3, 4, ..., 8 depicted in Figs. 5 and 6.
Equilibrium points when y = 0
The equilibrium points at x-axis are the solutions of Eqs. (7) and (8) when y = 0, which give
Now, solving the above expression using initial conditions, we get equilibrium points for various values of the oblateness coefficients. We observed that it has only two real roots and other are complex conjugates. Also, we noticed that for fixed values of at A 2 = 0.0015 and for increasing values of A 1 (0 < A 1 < 1), equilibrium points at xaxis shifted from left to right, whereas for fixed values of A 1 = 0.0015 and for increasing value of A 2 (0 < A 2 < 1), equilibrium point L 1 shifted form left to right while L 2 point is shifted form right to left which are shown in Table 1 . We plot graph of equation (7) when y = 0 and fixed values of parameters µ = 0.2, A 1 = 0.0 and A 2 = 0.0015. From Fig. 4 , we observe that it intersect at only two points i.e. at L 1 = −0.953071 and L 2 = 1.122780. From this figure as well as numerical computation we see that system has only two real roots and others are complex conjugates. Also, for other values of A 1 and A 2 , number of equilibrium points remain same.
Non-collinear points
The non-collinear points are the solutions of Eqs. (7) and (8) when y = 0, which gives
Solving equation (10) and (11) Table 2 . When the dominant primary bodies are oblate spheroids then we observe that as the oblateness coefficient A 2 increases from 0.0 to 0.6 for fixed value of A 1 = 0.0015, number of equilibrium points are eight but when A 2 increases from 0.7 to 0.9, the problem has then seven equilibrium points because L 3 approaches to L 8 point. Also, when A 1 = 0.0 and A 2 = 1.0 then the non-collinear equilibrium points L 3 and L 8 coincide on the collinear point L 1 and in consequence problem has six equilibrium points. However, when A 1 = 1.0 and A 2 = 0.8 then equilibrium points become seven since L 4 reaches L 8 point, whereas oblateness coefficient A 1 increases form 0.0 to 0.9 for fixed value of A 2 = 0.0015, number of equilibrium points remain eight. Further, we noticed that when µ = 0.005 and A 1 = A 2 = 0 then our results agree with the results of (Papadouris and Papadakis 2013), their configuration was the mirror image of our configuration as depicted in Fig. 7 .
For fixed A 1 = 0.0, A 2 = 0.0015 as well as A 1 = 0.0015, A 2 = 0.0, we observe that second and third primary bodies form dumbell shape of the curve ( Figs. 5 and 6 ). However, the lower loop of the third primary body is disconnected, whereas one of the loop of second primary body reduces due to an increase in value of A 2 for fixed A 1 (Fig. 8) . On the other hand, the dumbell shape of the second and third primary bodies are less affected due to increasing value of A 1 for fixed value of A 2 (Fig. 9) . In Figs. 8 and 9, we have used size of point to show the shifting of equilibrium points i.e. the equilibrium points shifted towards the large point size or along with increasing pointsize due to presence of oblateness coefficients. For A 1 = 0.0015 and A 2 (0 < A 2 < 1), L 1 , L 4 and L 8 are attracted to second primary body, whereas L 2 , L 5 and L 7 are attracted towards the first primary body and it happens due to the attraction of the oblate bulge. Also, we see that L 3 and L 6 have very less effect of the parameters (Fig. 8) . Further, for A 2 = 0.0015 and A 1 (0 < A 1 < 1), L 3 , L 4 and L 8 are attracted towards the second primary body while L 5 , L 6 and L 7 are attracted towards the third primary. Moreover, L 2 has very less effect of the parameters but L 1 is attracted by the first primary body due to same mass param-eter values of second and third primary as shown in Fig. 9 .
Linear stability of non-collinear points
To analyze the possible motions of the infinitesimal body in a small displacement of the equilibrium points (x 0 , y 0 ), we first make infinitesimal change ξ and η in its coordinates i.e. x = x 0 + ξ and y = y 0 +η such that the displacement becomes
where P , Q are constants and λ is parameter. Substituting these values into equations (1) and (2), we get differential equations of second order in ξ and η respectively (Murray and Dermott 1999)
where superfix 0 indicates that the values are computed at the equilibrium point (x 0 , y 0 ). Again, substituting ξ = P e λt , η = Qe λt in equation (13) and simplifying, we obtain
Now, the condition of nontrivial solution is that the determinant of the coefficients matrix of the above system should be zero i.e.
Therefore, from above matrix we obtain a quadratic equation in λ 2 known as characteristic equation:
The four roots of characteristic equation (16) play a crucial role to determine the orbits of equilibrium points. An equilibrium point will be stable if the above equation evaluated at the equilibrium, has four pure imaginary roots or complex roots with negative real parts. This happens if the following conditions
are satisfied simultaneously. Now, using the determinant of the characteristic equation (16) These roots satisfy condition (18) if either (i) µ − µ 1 > 0 and µ − µ 2 > 0 or (ii) µ − µ 1 < 0 and µ − µ 2 < 0, which implies that µ > max(µ 1 , µ 2 ) and µ < min(µ 1 , µ 2 ) and therefore roots lie in between µ 1 < µ < µ 2 . For numerical results we use x 7 = 0.165510, y 7 = 0.912095, 0 < A 1 < 1, and 0 < A 2 < 1 then we obtain µ 1 = −0.241421 and µ 2 = 0.0874975. The linear stability of the Lagrange central configuration is very important in celestial mechanics and is defined by the inequality (Gascheau 1843; Routh 1875; Papadouris and Papadakis 2013)
where m 1 , m 2 and m 3 are masses of the three primaries body. As we assumed m 3 ≤ m 2 and the left term of equation (19) inequality is monotonically increasing in m 3 , ∀m 3 ∈ (0, m 2 ), with maximum at m 3 = m 2 . Therefore the stability condition becomes −81m 2 2 + 54m 2 < 1, ∀m 2 , consequently we get
. From this inequality we obtain mass parameter as 0.0190637 ≤ µ ≤ 0.647603. From (18) we get two values of mass parameter out of which one value lies within above interval of µ which shows that non-collinear points are stable.
In Fig.10 , we have depicted the graph A 1 verses µ for different fixed values of A 2 and it is observed that for increasing values of A 1 and A 2 , value of µ decreases consequently stability region decreases monotonically.
Poincaré surfaces of section
In the restricted four-body problem, Poincaré surface of section is very useful for finding stable periodic and quasi-periodic orbits around the primaries. In order to determine Poincaré surface of section (PSS) of the infinitesimal body at any instant, it is necessary to know its position (x, y) and velocity (ẋ,ẏ), which correspond to a point in a four dimensional phase space. We have constructed surface of section on the xẋ-plane by taking y =ẋ = 0 andẏ > 0 with the help of Event Locator Method of Mathematica R Wolfram (2003). This is a good technique to determine the regular or chaotic nature of the trajectory. On the other hand, if there are smooth, well defined islands, then the behavior of the trajectory is likely to be regular. Whereas, if the curves shrink down to a point, it represents a periodic orbit. Apart form that, we have obtained PSS at the values of Jacobi constant C for a certain values of x andẋ while each orbit is determined with initial conditions:
Since in the above proposed system key quantities are the values of C, A 1 and A 2 respectively. Therefore, we plot the graph of Poincaré surfaces of section for specific initial values x 0 = 0.1,ẋ 0 = 0.3, y 0 = −0.1 with different values of Jacobi constant and oblateness coefficient respectively. In Fig.11 , we have shown two different characteristics of the system i.e. the effect of oblateness coefficient as well as Jacobi constant. It is clear that a trajectory originated from the neighborhood of equilibrium point, crosses Poincaré surfaces of section in bounded region and remains in that region for long time, which shows that the orbit about equilibrium point is stable. However, for various values of parameters, the bounded region changes i.e. if we increase oblateness coefficients A 1 and A 2 respectively, then the region expands (as shown in frame 11(b)). Similarly if we increase the values of C i.e. C = 2.5, 2.99 and C = 3.5, then the bounded region spans (as shown in frame 11(a)). For a particular values of initial conditions x 0 = 0.1,ẋ 0 = 0.3 and y 0 = −0.1 and different values of C, we observe that near the points A(0.0946, −0.9327), B(0.1186, 1.063), P (0.5789, 1.011) and Q(0.6029, −0.9678) respectively, trajectories look like as they touch each other which shows that orbit is stable around the neighborhood of the equilibrium point.
Basins of attraction
We determine basins of attraction of the equilibrium points with the help of Newton-Raphson method, provided an initial point (x, y) and the mass parameter µ as well as oblateness coefficient A 1 and A 2 respectively are given.
It is a good technique to find the convergence of trajectory originated from neighborhood of an equilibrium point. We present basins of attraction of a fixed points, means that the set of points converge towards a fixed point under successive iterations of some transformation. The set of points (x, y) that are created as follows:
from which we obtain the equilibrium points of the problem. The algorithm of our problem takes the form
where x n and y n are the values of x and y at the n th step of the Newton-Raphson method. Now, if the starting point (x, y) converges rapidly to a specific root of the algebraic equation (21), then this point (x, y) is a member of the basin of attraction of the specific root. The Newton-Raphson method stops when the resulting successive approximation converges to an attractor, the convergence being terminated when the repetition is happened. If the iteration diverges, then the process is terminated after 100 iterations. The regions of the basins of attraction are constructed by applying a dense grid of node points in the xy-plane as starting points for the iteration.
In Fig.12 , we present the basins of attraction of the equilibrium points in the restricted four body problem which are shown in frame (a) whereas other frames are zoom portions of frame (a). For each basins of attraction we use different color and the equilibrium points are indicated by small stars. The existence of one very large body and other two small ones effects the structure of the basins substantially. The points of the attracting domain of the central zone are organized in diamond shaped parts, whose wavy sides have vague boundaries. Inside, these areas lie the equilibrium positions of that zone. The boundaries of the central part are not clearly defined. They look like a "chaotic sea". Again, outside the central zone the points of attractor is organized in mushroom shaped regions where the equilibrium points contain in this zone. The boundaries of the mushroom shaped regions are dispersed points. The dispersed points of this class are densely allocated on the boundaries of the dense areas of the attracting regions. In presence of oblateness coefficients A 1 and A 2 , there is very less difference in absence of oblateness coefficients A 1 and A 2 respectively which are shown in frame (b) and frame (d). On the other hand, we can say that different combination of oblateness coefficient gives same nature of the problem. However, frame (c) indicates the zoom part of frame (a) when the oblateness coefficients are absent.
Discussion and conclusion
We have studied restricted four-body problem (RFBP) introducing first two bigger primaries as oblate spheroids. The boundary regions for the motion of an infinitesimal body are obtained with the help of zero velocity surfaces at different values of Jacobi constant and fixed values of oblateness coefficients. We have found that the allowed possible regions of the motion of infinitesimal body decrease with increases values of the Jacobi Integral C. We have investigated orbit of the RFBP and found that in absence of oblateness coefficients, orbit looks like cote's spiral in the time interval 100 ≤ t ≤ 200, whereas with effect of oblateness coefficient, orbit becomes regular when 0 ≤ t ≤ 200.
We have determined the coordinates of equilibrium points at y = 0 and non-collinear points at y = 0, which depend on oblateness coefficient A 1 and A 2 . We have noticed that for fixed value of A 1 = 0.0015 and increasing values of A 2 (0 < A 2 < 1) as well as for fixed value of A 2 = 0.0015 and increasing values of A 1 (0 < A 1 < 1), system at y = 0 has only two real roots called collinear points, whereas at y = 0 it has six real roots called non-collinear points. The oblateness coefficients affect the existence of the equilibrium points of the problem in hand, since for A 1 = 0.0015 and increasing value of A 2 from 0.7 to 0.9, L 3 disappears by coalescing at the L 8 and consequently the problem has seven equilibrium points. However, when the oblateness coefficient A 1 increases from 0.0 to 0.9 for fixed value of A 2 = 0.0015, number of equilibrium points remains eight. Two collinear equilibrium points always exist for every value of the oblateness coefficient.
We have also found that for A 1 = 0.0015 and
and L 8 are attracted by second primary, whereas L 2 , L 5 and L 7 are attracted towards the first primary and this happens due to the attraction of the oblate bulge. Also, we have seen that L 3 and L 6 have very less effect of the parameters. Furthermore, for A 2 = 0.0015 and A 1 (0 < A 1 < 1), L 3 , L 4 and L 8 are attracted towards the second primary while L 5 , L 6 and L 7 are attracted towards the third primary. The L 2 point have very less effect of the parameters but L 1 is attracted by the first primary body due to same mass parameter values of second and third primary bodies respectively.
The non-collinear points are stable if the mass parameter µ belongs to the interval (0.0190637, 0.647603). With the help of PSS, it is observed that the stability region of an equilibrium point gets expanded from the center due to effect of oblateness coefficients and for a particular set of values of initial conditions x 0 = 0.1,ẋ 0 = 0.3 and y 0 = −0.1, the trajectories touch each other at the points A(0.0946, −0.9327), B(0.1186, 1.063), P (0.5789, 1.011) and Q(0.6029, −0.9678) respectively which represents that orbit are stable around the neighborhood of the equilibrium point. Further, we have presented basins of attraction for the equilibrium points with the help of Newton Raphson method. These basins of attraction are de-scribed in the xy-plane, showing the attractor of the Newton iteration. Due to the presence of oblateness coefficients, we have found that boundaries of the basins of attraction for the equilibra are not clearly defined which shows the chaotic nature. Also, we observed that there is very less difference in basins of attraction compare to absence of oblateness coefficients. Since it is difficult to obtain an exact boundaries of the equilibra of the restricted four-body problem (Douskos 2010; Baltagiannis and Papadakis 2011a), further work is needed in this regard. This work may be applicable to study the motion of a test particle in the Sun-Earth-Moon-spacecraft as well as SunJupiter-Trojan-spacecraft system.
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